SAINT IGNATIUS’ COLLEGE

Trial Higher School Certificate

2007

MATHEMATICS EXTENSION 1

8:45am — 10:50am
Friday 31%' August 2007

Directions to Students

» Reading Time: 5 minutes » Total Marks: 84

» Working Time: 2 hours

* Write using blue or black pen |+ Attempt Questions 1 —7
(sketches in pencil).

» Board approved calculators maye All questions are of equal value
be used

» Atable of standard integrals is
provided at the back of this
paper.

» All necessary working should b
shown in every question.

» Answer each question in the
booklets provided and clearly
label your name and teacher’s
name.

(D

This paper has been prepared independently of the Board of Studies NSW to provide additional exam
preparation for students. Although references have been reproduced with permission of the Board of
Sudies NSW, the publication isin no way connected with or endorsed by the Board of Studies NSW.
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SAINT IGNATIUS’ COLLEGE Trial Higher School Certificate
MATHEMATICS EXTENSION 1 2007

QUESTION 1 (use a SEPARATE writing booklet)

(@) Given that ify:sin‘l(zj thenﬂ:;, wherex<|d,

a dx /a%-x2

write down an expression f(%rX if y equals:
X

(i) sin™(x)
L[ X
(i) sin (J
(i) sin™(7x) (3M)
(b)
(i) If f(x)=x>-3x*-4x+12, show thatf (3)=0 (1M)
(i) Hence solvex® -3x*—4x+12= ( (2M)

(c) Prove that

S+ (2T (n+Y(n+ 3 =2 (n+ J(n+ 3o+ 3

(2M)
(d)  Solve for x
=
X
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SAINT IGNATIUS’ COLLEGE Trial Higher School Certificate
MATHEMATICS EXTENSION 1 2007

QUESTION 2 (use a SEPARATE writing booklet)

(@)

(b)

()

(d)

(e)

A particle P moves in a straight line so that its distarxcéom a central fixed
point O at timet is given by

x=25in(5+£j
6

(i) Write down an expression for the velocity

(i) Write down an expression for the acceleration

(i) The particleP is said to be executing Simple Harmonic Motion. Explain

why this is so.

(3M)
The parametric equations of a parabola are
X=2t
y=2t*
Find the equation of the tangent to this parabola at the point
P(2,2 (2M)

Given thatx* +3x*-100= C has a root near= 3, use Newton’s method once
to find a better approximation, giving your answer in exact form.

(2M)
Find the numerical value of the co-efficient ¥ in the expansion of
12
(sz —ij (3M)
2X

Find the sum of the six co-efficients (including the co-efficienktfin the
expansion of3- x)5
(2M)
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SAINT IGNATIUS’ COLLEGE Trial Higher School Certificate
MATHEMATICS EXTENSION 1 2007

QUESTION 3 (use a SEPARATE writing booklet)

(@)

(b)

()

(d)

. . 2 8dx
Using the table of standard integrals, evalq%tem (2m)
X

Find in radians all the values af in the domain & x < 77 which satisfy the
equation

sin 2x— sinx = ( (3m)

If a, £ andy are the roots of the cubic equation
2x° -8x*+x+12= C,

write down the value of

(

) a+p+y
(i) apB+py+yx

(iiy a*+pB*+y? (3M)

: d dy

i) Show that—(y?)=2y—>

0 dx(y ) ydx
(i) Deduce from (i) that ifx’ + 4y* =5 thenﬂ =X
dx 4y

(i) A particle moves at a constant speekafis® on the circumference of

the curve
X2 +4y*=5
Find & at the pointP wherex=2, y= 1 and% =2ms*
dt 2 dt

(iv) What is the exact value &, the constant speed?
(4M)
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SAINT IGNATIUS’ COLLEGE Trial Higher School Certificate
MATHEMATICS EXTENSION 1 2007

QUESTION 4 (use a SEPARATE writing booklet)

y

P(x,y
V sina

o X __Z’A__>_____

¢ V cosa

(The above diagrams may help in your presentation)

A patrticle is projected with a velocity from a pointO at an angle ofr to
the horizontal, in thes, y plane. In the usual notation using the calculus or

otherwise, prove that the horizontal distancand the vertical distanceg,
travelled by the particle at timeare given by:

(i) x=(Vcosa)t (2M)

(i) y=(Vsina)t —%gt2

where g is the acceleration due to gravity. (3M)

(i) By combining (i) and (ii) deduce that:
2
7 (1+ tafa) (3M)

Z/Z

y = xtana -

(iv) Any of the above results may be used in attempting this problem:

A football is kicked atl5ms™ and just passes over a crossbar 5m high
and 15m away.

Taking g =10ms™ vertically downwards, show that if is the angle of
projection thena :727 ora=tan" 2

(3M)

(v) If the two values ofx (from part iv) are given byA and B (respectively)
where A> B, write down the exact value ¢&n(A- B)

(IM)
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SAINT IGNATIUS’ COLLEGE Trial Higher School Certificate
MATHEMATICS EXTENSION 1 2007

QUESTION 5 (use a SEPARATE writing booklet)

y
Sﬁ
,y=cos (3)
o) X
B(7,0) C(2m,0

The above diagram shows two curves
y = cos% (i) (thinline)
y = cog (%) (i) (thick line)
Also, A is the poinf0,1), B is the poin{7z,0) andC is the poinf2,0)
() Prove that the area enclosed by the cwvecosg and thex and y axes

is4 square units.
(2M)

(i) The shaded regioAPBA is enclosed by = cos Gj and the

linesAB andx = 77. Prove that the area of this shaded region is 1 square

unit.
(3M)

(i) Prove thatcos' (zj = E( 3+ 4cod + cozcj
4) 8 2
(3M)

(iv) The shaded region is now rotated throh radians about the& -axis.
Show, using the result of part (iii) or otherwise that the exact

volume of the solid generated/i;:{1+2—72j cubic units.
(4M)
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SAINT IGNATIUS’ COLLEGE Trial Higher School Certificate
MATHEMATICS EXTENSION 1 2007

QUESTION 6 (use a SEPARATE writing booklet)

dy

(@ If y=2007, find an expression fo(le in terms ofx (2m)
X
Q
b T
O,
A 0

(b)  AB is the diameter of a circle, cent@. P is a point on the circumference.
The tangents aB and P meet atT , and AP, BT are produced to meet &,

and ABP = x°
(i) Copy the diagram into your script and explain WN?B =90

(i) Noting without any explanation, th@éQ =90 or otherwise, explain
why TQP =X

(i) Explain whyTPQ = x°
(iv) If x=30 show PQ =3AP (4m)

(©)

(i) Inthe usual notation, prove thz;ctz vﬂ am)

dx
(i) A particle moves in a straight line and its acceleration at anyttirme
: - v ; : .
given by x = vj— =-e?*, wherex is the displacement andthe
X

velocity at timet. Also, wherx=0,v=1.

By starting with the result of part (i) or otherwise, prove thate ™.
(3M)

(i) Itis also known that wheh=0, x=0. Deduce from (ii), or otherwise
prove, that the displacementat timet is given byx =In (t +1)

(2M)
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SAINT IGNATIUS’ COLLEGE Trial Higher School Certificate
MATHEMATICS EXTENSION 1 2007

QUESTION 7 (use a SEPARATE writing booklet)

(@) If y=3cos’ (gj , write down (i) the domain ok

(i) the range ofy (2m)

(b) If y=1(x :kX—Hk (wherek,l,m are constants), prove that f (y)
mx —
(2M)

(c) In attempting the problem below, you may assume without proof that:

« If y=cotd, d—=—cose69
dég

* |If y=cosed, d—=—cosea9 cot
dé

T A D
2 km
l Ll 6 6 Ll I:
B LI} P Q LI C
< 6 km >

The diagram shows a houseAgta school alD and a straight can&C,
where ABCD is a rectangle withAB = 2km and BC = 6km.

During the winter, when the canal freezes over, Danny travels &am D
by walking to a pointP on the canal, skating along the canal to a pQirand

then walking fromQ to D. The pointsP andQ are chosen so that the angles
APB and DQC are both equal t&, AP=QD, BP=QC.

(i) Show thatPQ =(6-4cotd) (1M)

(i) Given that Danny walks at a constant speedknfh™, and skates at a

constant speed @mh™ show that the timeT minutes, taken for Danny
to go from A to D along this route is given by

T =15(3+ 4cosef- 2cdl) (3M)

(i) Show clearly and carefully that, #&varies, Danny’s minimum time for
the journey is approximately 97 minutes.
(4M)

END OF PAPER

Page 8 of 9



SAINT IGNATIUS’ COLLEGE Trial Higher School Certificate
MATHEMATICS EXTENSION 1 2007

STANDARD INTEGRALS

J'x”dx :ix”“,n#—]; x#0,ifn<0
n+1
J‘ldx =Inx, x>0
X
jeaxdx :lea",aio
a
1 .
J'cosaxdx :gsmax, az0
) 1
jsmaxdx :—gcosax,aio
1
jsec?axdx =" tanax,a#0
a
1
J'setax tanaxdx =—se@x,a#0
a
J‘%dx :ltan’lﬁ,aio
a‘+x a a

X
=sin'2,a>0, —a<x<a

1
—d
™ a

J'%dx :|n(x+\/x2—a2), x>a>0
VXx?-a

j%dx :In(x+\/x2+a2)
x? +a

NOTE: Ix= logx, x>0
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SAINT AGNATIUS’COLLEGE
MATHEMATICS EXTENSION 1
“Solutions, Marking Scheme & Comments

Trial Higher School Certificate

2007

QUESTION 1
Suggested Solutions 13[113 ﬁ( : 13['::_;{ Marker’s Comments
@) (@) — x<f| (i) 1 < 17 2
1-x* — V49 —x* |
1 7 1
(iil) ——=—————0R ——— x<|-
1Y, V1-49x* 7 1
7) v
No penalty for omitting domain of x
(b) () Here f(3)=27~27-12+12=0
1 v
() From () f(x)=(x—3)x* —4)
‘ ] A
Here f(x)=(x-3)(x~2)x+2)=0
Hence the required solutions are x =3,2,—2 -* ¥ No Wer k. amserded
1 [ ibsstn wot o)
(c) L.H.S=%[n(n +1)(n+2)+3(n+1)n+2)]
1 g~ Sevae. "W‘L\EA
We take out the factors [(n +1)(n +2)] Wmdive RN .
s 2] ® Jor v b
To get LH.S=—|(n+1)n+2)|(n +3) . ..
3 1 Gegey
(Award 2 marks for LH.S = RH.S by direct multiplication) W Sebenh 61 Lt
. Frery -
-5(}13 +6n° +11n+6)
(d) i;i is undefined if x +4=0 ie if x=—4 1 yfl_:t_q bhed 4o be
v | weemihinaed | slerie
Multiply both sides by 3(x + 4)2 ' —i .
To get 3(x —2)(x + 4)2 (x+4)*, (v % -4)
1
ie 3x? +6x—242x* +8x+16, (x=-4) '
1 .
Hence x*—x-2020, (x=—4) d
ie (x+4)(x~5)20,but x=—4
SLx<-—4orx=5 To gain the 4™ mark, the solution needs 1. g

to mention x # —4 just the once.

i

N E




SAINT IGNATIUS’COLLEGE
MATHEMATICS EXTENSION 1
Solutions, Marking Scheme & Comments

Trial Higher School Certificate

2007

QUESTION 2

Suggested Solufions

Max
Mark

Your
Mark

Marker’s Comments

@ @) x = 10cos(5t+%] v

(i) x = ~S0sin] 5t + %

(iii) ;=—51[2sin(5z+16’5D=—52x ®

At least 2 explanations are acceptable

<

Eg (ar) x:231'n[5t+%}=2005(51--3—} deﬁnesSHM
(B) Equation ® ;z-—nzx (n=35) defines SHM \/
O
Her — ——41‘ — R —
®) Here e~ " R &{
At P, r=1 . Equationis y =2x—2 OR 21-"L1*"~ =0 /

(c) Here f(x)zx +3x?-100 .. f(3)=8
F(x)=4x" +6x 126

fx) 5 8
fi(x) 126

23 (8) /

(d) (1) Here TR+1 = 12 -x7 ° (2362 )‘2"]3
R| 2 /

Power of x in Ty, =—R+24-2R
=24-3R=0 When R=8 /

12
So T, = =3 1211 109 1
2 4321 16

-9 (g9383 = 3% |

In the usnal notation x, = x, —

(ii) To sum the 6 co-efficients, set x =1

Ve

Required sum (3 - 1)°=2° =32 OR

5 5 4 5 3 2 5 2 3 5 4 5
3 +(J3 (—1)+(2J3 (-1 + 3}% (—1) +(4]3(—1) +(-1)

moTt studendy -
e— yoed

&,=_n‘2\1-'




SAINT IGNATIUS’COLLEGE
MATHEMATICS EXTENSION 1
Solutions, Marking Scheme & Comments

Trial Higher School Certificate

2007

QUESTION 3

Suggested Solutions 1\1\,‘{]; a:;( ;;:‘:; Marker’s Comments
2
a) I=|4tan?|Z
= 4[tzm‘1 1—tan™ O]=%=7z 1 y SR
(b) 2sin x cosx —sin x = 0 1 1 o
~.sin x(2cosx —1)=0 —>sin x=0 or cosx=— 1
2 i

Sox=0,7 or 2x or x=13r-or %ﬁ-

But 0sx<n x= 0,—;5, 71 (Penalty of | if degrees are used instead

of radians)

©0) 4
oy 1
(i) >

(i) a®+p*+y> =(a+B+y) —2of + fy +ay)=15

(d) (1) Use product rule gx—(y.y) =y'+y'y =2y
OR note —;;(yz )=i(y2 ) . % =2y’

(i1) Differentiate both sides with respect to x

dy
TO Ct 2x+8 .-—:0 e
g y ;

i) DD B ZE () g
dt dx dt 4y

(iv) Note: we focus on speed (and not velocity)

At P, speed along x axis = speed along the y axis
= 2ms™ .. Resulting speed =+/22 + 22

k=242 [

2

W




SAINT IGNATIUS CULLEGE
MATHEMATICS EXTENSION 1
Solutions, Marking Scheme & Comments

Trial Higher School Certificate

2007

QUESTION 4
Suggested Solutions l\l}i E;-)lic ;i‘::; Marker’s Comments
(i) HORIZONTAL MOTION
The initial velocity in a horizontal direction is V cosa and since | . 1
no forces are acting in the horizontal direction, this velocity will
remain uniform. X =
That is %:— =Vcosa \/
Thus x=({cosa)t+c
But x=0 when =0, thus ¢c=0 !
Hence x=(Vcosa)...(i}
(i) VERTICAL MOTION | Nt
The initial velocity in a vertical direction is ¥ sin . If we take You, must dhows
the upwards direction as positive the particle experiences a L
uniform acceleration of —g due to gravity. the. !I’\J.rlCLL +
Condiliove
2 WorR aut the
Thus C; f =—g \/ 1
& onstanT,
Hence —=—-gt+¢
dt
dy . .
But EL;:Vsm o when t=0, thus ¢c=Vsinha
Thus %=Vsina—-gt / 1
Hence y = (V sin a)t —%gi.f2 +k
But y =0 when ¢=0,thus k=0 1
Giving y = (V sin o)t —%gﬁ ....(ii) \/
(i) Eliminating t Romembpe
From (i) ¢ =— \/ 1 Sec = | ++anky |
Vecosa
y i 1 2
Substituting in (i) y = Usnajx 1 g i / 1
Vecosa 2 \FVcosa /
2 2
Le y=xtang— gxz sec’ =xtano — gx2 (1 +tan® a)...(iii) 1
2 2V ]Si'
(iv) Using equation (iif) 5=15tane —5~5tan” ¢z, 2 Mash, - )
5=15t~5-5¢ where ¢t =tana F dulsaf rtudizn
S5t —15¢+10=0
(ﬁ —ft+2)=0 v 2™k -
t—-2Xt—-1)=0 N
Hence t=1 and ¢=2 ) Qquchm\
ca=2&a=tan"2 \/ :
— T 2-1 1 1 ‘ ‘
) tan(d - B)= Tand—TanB _2-1 1 NB uggh(ﬂj
1+ TandTanB 1+2 3 A> * | L0 Wl =—




MATHEMATICS EXTENSION 1
Solutions, Marking Scheme & Comments

QUESTION 35

Suggested Solutions SE} ﬁ{ 5;::; Marker’s Comments
r
(1) From diagram , Area = jcos%dx 1 v
0
Ix T
ie A= |:4sin£j| =4sin=—0=4 ] v’
4 |, 2
(ii) Shaded Area = jcosz[f —~ ABOA > !
0
=%I(cos§+1]¢:~%(¢xl) ol b Cos by 4
ry x
- - =
ll: [ x T P JE&“‘ G‘)*”J >
= —{2sin} = |[+x| —— 1 |2
2 2 o 2 _ }_E_;(mi(_\—;g \-5
Tz T \/ 1=~ vl &
=lsinZ+Z-0-0|-Z=1 1| eon VA E
’:31112 5 :| > ipﬂm )':.i}.qi’
o (Lt "V
. 2 X ) X 1
(iii) Since cos (Z]— [1+cos(2]:| A
Therefore cos* % = 211+ cos| =
4 4 2
s x 1 x of X
s cost = =—{|1+2cos=+cos?| =
cos” ~ 4‘:[ cos—+cos Z]ﬂ 1|
1 x\y 1 '
=—|1+2cos = |[+~—(1+cosx
4 2] 2
=l(3+4cos£+cosx] 1 ¥
g 2
1
(iv) Required Volume =7L'J.:COS4 [g dx—v, e
where v, = volume of a cone with radius unity and height 7.
1 ) T
ey =—7w-1" w=— A
¢T3 3 1A
7't X 7’
. Required Volume =—I 3+ 4cos—+cosx |dx——from
8+ 2 3
4 P .
—| 3x+8sin— +smx} -
8 2 0 1V, _
T T r* 32 T - X7
=§[375+8+0]~§[0+0+0]——— > %% 7 3
L (Feo gt te T ennd
87 31 r? e i 4~
et S
8 g8 3 24 24 r(:u.Ll Mo, Lend qried




SAINLT LIGNATIUS’COLLEGE
MATHEMATICS EXTENSION 1

Trial Higher School Certificate

0
Solutions, Marking Scheme & Comments 2007
QUESTION 6
Suggested Solutions l\I;Ia T:( ;&‘::; Marker’s Comments
(a) Taking logs to base ¢ of each side (ln y) = (x)]n 2007 Now V/ 1 WJ,L[ ang md
differentiate both sides with respect to x : l . ii_li_ =In 2007 .
y dx aomg, Extangion 2
now multiply both sides by y = (2007)1 to get % = (2007)Jt (In 2007)\/' 1 aO'th_Qr]E OK .
) @) A]ADB =90° since it is the angle in the semi circle diameter AB / 1 Nﬁfe ; YG-U. CO.N'IGT
Q aoouwng, PT 11 AB
(i) OBQ =90° (given) x , .
. A o o P IL I h’J\AQ, Wmﬂ W
S PBQ=90°—x Lig o 1
X A s T L cormd‘vaumo
But APB =PBO+ PQRB 'ﬁ:sr ¢ | o, m
(Bxt £ of A = sum of interior opp £ ’s) qo-L x 2 I
90° =90° ~ x° + POR ’P
f@\umg ralo -
S POB =x°=T O P (same angle) 1
(iii) TP=TB (tangents from ext point to a circle are equal}
TPB = TBP = 90° — x°
So TPQ =[00° - (90° - x°)] = x°
) AP ABcos60 [1 1) 1. PO=34P
AQ [ AB ) 2 2} 4 1
cos60°
_ dv abc dv dv
= = e———— 2 v_._
OO T d w a !
5 1 *¥Some. yged
(i) Using part (i) v——=—¢™ and rearranging, [valy =— femdx d
2 (3v3) =
o1 g
To get l=%(1)+K:>K=0thus V=e g v=e* 1
(iif) From part (i) —=e
So again rearranging , — =dt NdTg, -
e ! dx e ©
and hence Ie‘dx=_[dt:>e’=t+c aF )
set t =0 and x=0, (data), €’ =0+¢ c=1 hw's.i- B
ie e* =t+1 Con. ¢ l'\j%rcﬂ‘;@—\
Finally take logs of each side to base e, to get X ]nlt + 1[ 1




SAINT IGNATIUS’COLLEGE
MATHEMATICS EXTENSION 1

Trial Higher School Certificate

. . 2007
Solutions, Marking Scheme & Comments
QUESTION 7
Suggested Sclutions I\If\lfl ax Your Marker’s Comments
€x<sa ark | Mark
~ - disopponting #hat
1+

(a) (i) 7< 2] )o0<y<3z 7
(b)Notethat mxy —ky =lx+1 “.mxy—kx=ky+! andso

x(my—k)=ky+l:>x=:;ii=f(y)

k
(neither X ,or ¥ = —)
m

(@) PO =BC—-2BP andinrightangled A4BP

BP

Tan & =i cotd =—2— S BP=2cot8

Hence PQ = BC —2(2cot8) =6 - 4cotd

(i1) By similar reasoning as in (i)

AP =2cosecl so AP+ QD =4cosect
Now focus on time in MINUTES (£, )

¢, for Diotravel AP+ QD = 60[@¥C—‘9J = 60cosecd

(6 —4cot 9)
8

£,, for Dto travel PQ = G0 =(45-30cot8)

Let T=Total £,,, so T' = 60cosect +45-30coté
:15(3+4cose(;f9—200t9)
(iii) .". % = —60cosecBcot@ + 30cosec?d

=30cosec’(~2cosd +1) Note 30cosec’d > 0

_ . ar .
So (in discussing) the sign of E—we need focus on sign of (— 2cosé + 1)
_d 1
Now for a Max or a Min c—ib—= 0 so—2cosf@+1=0 or cosé =5 and

g =% (Note & is acute)

Ife_ ,T= 15(4_ J‘] 45+304/3

=45+ 51.963 ~ 96.963...

T
Hence for & = ? , Tisjust slightly below 97 mimutes. We have now to show this is

dTl
a minimum. Note —— takes the same sign as (1 —2cosd )

Nowif 0< & <§, cosé >% S 1—-2cos8 <0

coeos0 < —;j, S1-2cos8 >0

T T
Nowif — < 5 —,
3 2

7 dar
Hence as & passes through; . E goes from negative through 0 to positive.

Henceat & = e gef the least value of T.

. T A7 minutes

—

Wy

when & =,

SO marnly _rﬁt-uden'rs chige* +se+
e5€ _correct Y |

1 4 ditgmphin
X

>

+o make
e subject

correct result

1 —— corfect expression

-'f-or le_na

cor

L= 4
OJT(S
R et conversion fron

— carfr
| N hours 4o +\r-ne

thof APor QD .

ect expression,
+aken (Ever\ v

“'L

(IR3)]
C

n minutes

for- 4T

dasr
* n\c:-g students didn't

e the piven results at
, brgrnig of questior.
4

™ codrrect soluhon

& (lg..>

S S testing Hhat
o = I— gwes oo
Pt OnA "\'\'\‘LQ_

—>

1 =~

substituting & = T

P exp ession for T

and

obtoi \'na T= 9T min |

L8




DALNLT IUINALTIUD LULLEGE
MATHEMATICS EXTENSION 1
Solutions, Marking Scheme & Comments

Trial Higher School Certificate
2007

QUESTION 7 (c) (iii)

Max Your

Suggested Solutions Mark | Mark Marker’s Comments

2" way of showing that 8 = % gives a minimum time for

Danny’s journey.
Note that Ll cosec’8(1 -2 cos 9) 1
30 46
1 4?2
o 1; =(1—2cos 9)[— 2 cosec’8 cot 9]+ cosec’H(2sin 8)...(L)
3046
RHS of L
=[-2cosec?dcotd + 4 cosec?d cotd cos 6]+ 2cosech 1
=2 cosec’d cot O(2 cos @ —1) + 2 cosech
=2cosec’ Z cot 2 (2 cos = —1)+2cosecZ,ifg ==,
3 3 3 3 3

=O+i, as 2cos§=1

3
-3
3
1.dT_ 4 L
30 do* 3
d*r 4
=30x—==40,/3 >0
dgz \/g ’\/_
G = %r_ gives a minimum time for Danny’s journey.
Source of question 7(c) University of London GCE Pure
Mathematics 405, January 1988. 1

371/405/420 Question 14




